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Abstract 

Based on ideas of W. M. Tulczyjew, a frame independent formula- 
tion of analytical mechanics in the Newtonian space-time is presented. 
The differential geometry of affine values i.e., the differential geome- 
try in which affine bundles replace vector bundles and sections of one 
dimensional affine bundles replace functions on manifolds, is used. 
Lagrangian and hamiltonian generating objects, together with the Le- 
gendre transformation independent on inertial frame are constructed. 
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1 Introduction 

Mathematical formulation of analytical mechanics is usually based on ob- 
jects that have vector character. So is the case of the most of mathematical 
physics. We use tangent vectors as infinitesimal configurations, cotangent 
vectors as momenta, we describe dynamics using forms (symplectic form) 
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and multivectors (Poisson bracket) and finally we use an algebra of smooth 
functions. However, there are cases where we find difficulties while working 
with vector objects. For example, in the analytical mechanics of charged par- 
ticles we have a problem of gauge dependence of lagrangians. In Newtonian 
mechanics there is a strong dependence on inertial frame, both in lagrangian 
and hamiltonian formulation. In the mechanics of non-autonomous system 
we are forced to chose a reference vector field on the space-time that fulfills 
certain conditions or we cannot write the dynamics at all. In all those cases 
the traditional language of differential geometry seems to introduce too much 
mathematical structure. In other words, there is to much structure with com- 
parison to what is really needed to define and describe the behavior of the 
system. As a consequence we have to put in an additional information to the 
system such as gauge or reference frame. 

Gauge independence of the Lagrangian formulation of Newtonian dyna- 
mics can be achieved by increasing the dimension of the configuration space of 
the particle. The four dimensional space-time of general relativity is replaced 
by the five dimensional manifold (as in the Kaluza theory) (j^J, j3]). This 
approach encounters serious conceptual difficulties and cannot be considered 
satisfactory. An alternate approach is proposed in the present note. The 
four dimensional space-time is used as the configuration space. The phase 
space is no longer a cotangent bundle and not even a vector bundle. It is an 
affine bundle modelled on the cotangent bundle of the space-time manifold. 
The Lagrangian is a section of an affine line bundle over the tangent bundle 
of the space-time manifold. The proper geometric tools are provided by 
the geometry of affine values. We call the geometry of affine values the 
differential geometry that is built using sections of one-dimensional affine 
bundle over the manifold instead of functions on the manifold. The affine 
bundle we use is equipped with the fiber action of the group (R, +), so we 
can add reals to elements of fibres and real functions to sections, but there 
is no distinguished "zero section". Those elements of the geometry of affine 
values that are needed in the Newtonian mechanics are described in section 
4.1, the complete presentation of the theory can be found in [Tj. In fact the 
geometry of affine values appeared much earlier in works of W.M. Tulczyjew 
and his collaborators (see e.g. [T2]) and has been successfully applied to the 
description of the dynamics of charged particles ( [H] ) ■ 

The aim of this paper is to show how the geometry of affine values 
works in the simplest case of analytical mechanics in the Newtonian space- 
time. The idea of applying affine geometry to this problem comes from Prof 
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Wlodzimierz Tulczyjew and his group [2])- Another proposition of 

the frame independent formulation of the Newtonian mechanics by increasing 
the dimension of the space-time can be found in [Ij. 

2 Newtonian space-time 

The Newtonian space-time is a system (N, r, g) where N is a four-dimensio- 
nal affine space with the model vector space V, r is a non-zero element of 
V* and g: Eq Eq represents an Euclidean metric on Eq = kerr. The 
elements of the space N represent events. The time elapsed between two 
events is measured by r: 

At(x, x 1 ) = (t, x — x'). 

The distance between two simultaneous events is measured by g: 

d(x, x 1 ) = a/ (g(x — x'),x — x'). 

The space-time N is fibrated over the time T = Nf Eq which is one-dimensional 
affine space modelled on R. By rj we will denote the canonical projection 

rj : N — > T, 

by i the canonical embedding 

f.Eo^V, 

and by i* the dual projection 

z * . v* — ► E*. 

By means of % and i* we can define a contravariant tensor g' on V*\ 

g' = % o g~ x o i*. 

The kernel of g' is a one-dimensional subspace of V* spanned by r. 

Let Ei be an affine subspace of V defined by the equation (r, v) = 1. The 
model vector space for this subspace is Eq. An element of Ei can represent 
velocity of a particle. The affine structure of iV allows us to associate to an 
element u of Ei the family of inertial observers that move in the space-time 
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with the constant velocity u. This way we can interpret an element of E-y 
as an inertial reference frame. For a fixed inertial frame u, we define the 
space Q of world lines of all inertial observers. It is the quotient afline space 
N/{u}. The space-time N becomes the product of afline spaces 

N = QxT. 

The model vector space for Q is the quotient vector space V/ {u} that can 
be identified with E . The corresponding canonical projection is 

% u : V -> E Q : v i — > % u (v) = v - (r, v)u 

and the splitting V = E x H. is given by 

V (i u (v),(t,v)) E E xR. 

The dual splitting is given by 

V* 3 p i ► (i*(p), (p,u)) G E* x R. 

The tangent bundle TiV we identify with the product N x V and the 
subbundle ViV of vectors vertical with respect to the projection on time, 
with N x E . Consequently, the bundle V^iV of infinitesimal configurations 
(positions and velocities) of particles moving in the space-time N is identified 
with N x Ei. When the inertial frame u is chosen, E 1 is identified with E 
and V^iV is identified with VW. 

The vector dual V*iV for ViV is a quotient bundle of N x V* by the one- 
dimensional subbundle N x (r). We can identify it with N x Eq. Using the 
inertial frame we can make it a subbundle of T*iV. 

3 Analytical mechanics in the fixed inertial 
frame 

In the following section we will present the analytical mechanics of one par- 
ticle in the Newtonian space-time in the fixed inertial frame u. First we 
concentrate on the inhomogeneous formulation, suitable for trajectories pa- 
rameterized by the time, then we pass to the homogeneous one. The homo- 
geneous formulation accepts all parameterizations. 
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3.1 Inhomogeneous dynamics described in the fixed 
inert ial frame 

Let u G Ei represent an inertial frame. For a fixed time t G T, the phase 
space for a particle with mass m with respect to the inertial frame u is 
T*N t — N t x Eq, where N t = r]~ l (t). The collection of phase spaces form 
a phase bundle V*iV ~ N x Eq. Phase space trajectories of the system are 
solutions of the well-known equations of motion: 

p=-d s ip{x) x = g~ (— ) + u, (1) 

m 

where (x,p,x,p) G V x V*iV C TV*N ~ N x E% x V x E% and ^: N -> R 
is a potential. Subscript s in d s means that we differentiate only in spatial 
directions i.e. the directions vertical with respect to the projection on time, 
therefore d s ip(x) G Eq. The equations define a vector field on V*iV with 
values in VViV, i.e. a section of the bundle VViV -> V*iV. The image of 
the vector field we will call i/ie inhomogeneous dynamics and denote by 
D itU . It can be generated directly by the lagrangian 

TTt 

l i)U . V l N ^R: ^ -^(x). (2) 

The procedure of generating the inhomogeneous dynamics from the la- 
grangian © is as follows. The image of the vertical derivative d s £i, u is a 
submanifold of 

V*y x N ~N x E!X E*x E* 
which is canonically isomorphic (as an affine space) to 

VViV ~ N x E* x E x x £*. 

This isomorphism we obtain by a reduction of the canonical isomorphism 

a N : JTN -> TTiV 

(for the definition of see |7J), which for affine spaces assumes the form 

ajy(x,a,v,b) = (x,v,b,a). 

After the reduction, we get 

qL : N x E* x Ei x E* ^ N x Ei x E* x E* 
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Using a\j we can obtain D i u from d s £i tU by taking an inverse-image: 

A,« = («j v )- 1 (d s £ J , u (v 1 iV)). 

The dynamics D i u cannot be generated directly from a hamiltonian by 
means of the canonical Poisson structure on V*iV, which is the reduced cano- 
nical Poisson (symplectic) structure of T*N. In the coordinates adapted to 
the structure of the bundle (t, x\pi) the Poisson bi- vector is given by 

A = dpi A dx\ 

Symplectic leaves for this Poisson structure are cotangent bundles T*N t , 
where N t = 1 (t) . It follows that every hamiltonian vector field is vertical 
with respect to the projection on time. However, using reference frame u, we 
can generate first the vertical part of the dynamics i.e the equations 

p=-d s ip(x) x = g~{—), (3) 

m 

and add the reference vector field u. The hamiltonian function for the 
problem reads 

hi, u (x,p) = — (p,p _1 (p)) + <p(x), 
2m 

where (x,p) G V*iV. 

The system (J5J) can be generated also from lagrangian function defined 
on ViV by the formula: 

Tfl 

e i)U (x,w) = —(g(w),w)-(p(x). (4) 

We identify the fiber over t of ViV with TN t and use the standard procedure to 
generate a submanifold D U)t in TT*N t . The collection of these submanifolds 
give us the system (J3J). 

The dynamics (JIJ and the generating procedures depend strongly on the 
choice of the reference frame. In particular, the relation velocity-momenta is 
frame-dependent which means that we have to redefine the phase manifold 
for the particle to obtain frame-independent dynamics. Also the hamiltonian 
formulation will be possible if we replace the canonical Poisson tensor by a 
more adapted object. 
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3.2 Homogeneous dynamics described in the 
fixed inert ial frame 



In the homogeneous formulation of the dynamics infinitesimal configurations 
are pairs (x, v ) G iV x V + ciVxl/~ TiV where V + is an open set of vectors 
such that (t, v) > 0. 

The homogeneous lagrangian is an extension by homogeneity of the t^ u 
from (j3.1|) and is given by the formula: 

in 

ih,u(x,v) = — -(g{t u {v)),t u (v)) - (r,v)(p(x). (5) 

2{T,V) 

This choice guaranties that the action calculated for a piece of the world 
line, which is one dimensional oriented submanifold of the space-time, does 
not depend on its parametrization. However, we still have to use the fixed 
inertial frame u. 

The image of the differential of £h,u is a lagrangian submanifold of T*TiV ~ 
iV x V x V* x V*. An element (x, v, a x , a v ) is in the image of d£h, u if it satisfies 
the following equations 

v G V+, 

a x = -(r,v)d(p(x), (6) 
a v = ^i* u ogoi u (v) - ^^{g{i u {v)),i u {v))T - ip{x)r. 

The image of d£h >u (N x V + ) by the mapping a^ 1 is a lagrangian submanifold 
of TT*iV. This submanifold we will call the homogeneous dynamics and 
denote by An element (x,p,x,p) of TT*iV ~ x V* x V x V* is in 

D h , u if 



p=-( T ,v)d(p(x), (7) 
V = f^i* u °9° *u(t>) - 2^P<ff(*«( u ))» 1 u(v))t - <p(x)r 

for some v G V + , i.e. (r, t>) > 0. We observe that D h u does not project on 
the whole T*iV, but (x,p) must satisfy the following equation: 

^-(p,g'{p)) + (p,u) + V {x) = 0. (8) 
2m 

The equation (jHJ) is the analog of the mass-shell equation p 2 = m 2 in the 
relativistic mechanics. Since there is the difference in signature of g' between 
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the Newtonian and the relativistic case, we obtain here paraboloid of constant 
mass instead of relativistic hyperboloid. The mass-shell will be denoted by 
K 

- I1 m, Ji- 
lt is possible to generate the dynamics Dh, u directly by a generalized 
hamiltonian system. The hamiltonian generating object (see |5|) is the family 

NxV*xV + — — >■ R , (9) 

c 

N xV* 

where 

H h}U (x,p,v) = (p,v) - Zh, u {x,v) e R. (10) 

This family can be simplified. The fibration ( can be represented as a 
composition (" o where 

(' : N x V* x V + ^ N x V* x R + : (x,p,v) i-> (x,p,<T,v >), 

and 

(": N x V* x R + -f N x V* : (x,p,r) ^ (x,p). 

Equating to zero the derivative of Hh, u along the fibres of (' we obtain the 
relation 

v = g~ x o i*(p)+ < t,v > u. (11) 

m 

It follows that the family (0) is equivalent (generates the same object) to 
the reduced family 

NxV*xR + ~ Hh ' u > R , (12) 

C" 

N x V* 

where ^ 

H hjU (x,p,r) =r( — (p,g'(p)} + (p,u) +<f(x)). (13) 
2m 

No further simplification is possible. 
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The critical set S(Hh tU ,(")) is the submanifold 

j(x,p,r) E N x V* x R + ; -Lfo^)) + + = 

and its image ("(S(H^ U , C")) is the mass shell i^ m , u . 

The function is zero on S(H hjU , (") and projects to the zero function 
on K m>u . However, a Dirac system with the zero function on the constraints 
K m>u does not generate Z\ u . The lagrangian submanifold Dh, u C TT*iV 
generated by this system is exactly the characteristic distribution of K m>u , 
i.e. 

Dh, u = (Ti^ mi „) § 

and does not respect the condition (r,v) > 0. We have only D h u C D h u . 



4 The dynamics independent on inertial 
frame 

4.1 The geometry of affine values 

First, let us give some definitions. A vector space V with distinguished non- 
zero element v we will call a special vector space. A canonical example of a 
special vector space is (R, 1). It will be denoted by I. If A is an affine space 
then AS(A, M) - the vector space of all affine functions with real values on 
A - is a special vector space with distinguished element 1^ being a constant 
function on A equal to 1. The space Aff(A,M.) will be denoted by A^ and 
called a vector dual for A. Having a special vector space (V, v) we can define 
its affine dual by choosing a subspace in V* of those linear functions that 
take the value 1 on v: 

V t = {(peV*: (p(v) = 1}. 

We have that 

Theorem 1 ((5) For (V, v) and A such that dim V < oo and dim A < oo 

((V*)t,lvt) =V, 

(A^y = a. 
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An affine space modelled on a special vector space will be called a special 
affine space. Similar definitions we can introduce for bundles: a special vector 
bundle is a vector bundle with distinguished non-vanishing section and a 
special affine bundle is an affine bundle modelled on a special vector bundle. 

The geometry of affine values is, roughly speaking, the differential geom- 
etry built on the set of sections of one-dimensional special affine bundle Z 
over M modelled on M x I, instead of just functions on M. The bundle Z 
will be called a bundle of affine values. Since Z is modelled on M x I we 
can add reals in each fiber of Z, i.e Z is an R-principal bundle. The vertical 
vector field on Z which is the fundamental vector field for the action of K. 
will be denoted by X Z - Let us now consider an example of a bundle of affine 
values: If (V, v) is a special vector space, then we have the quotient vector 
space Vq = V j (v) . The vector spaces V and Vq together with the canonical 
projection form an example of a bundle V of affine values. The appropriate 
action of 1R in the fibers is given by 

V x R 3 (w,r) i — ► (w - rv) eV 

and the fundamental vector field Xy is a constant vector field equal to v on 
V. 

The affine analog of the cotangent bundle T*M in the geometry of affine 
values is called a phase bundle and denoted by PZ. We define an equivalence 
relation in the set of pairs of (to, a), where to G M and a is a section of Z. 
We say that (to, a), (to', a') are equivalent if to — to' and d(er — <t')(to) = 0, 
where we have identified the difference of sections of Z with a function on M. 
The equivalence class of (to, a) is denoted by der(m). The set of equivalence 
classes is denoted by PZ and called the phase bundle for Z. It is, of course, 
the bundle over M with the projection d<r(TO) h- > to. It is obvious that 
PZ — > M is an affine bundle modelled on the cotangent bundle T*M — > M. 

As an example we construct a phase bundle for the bundle of affine values 
built out of a special vector space. In the set of all sections of the bundle 
V there is a distinguished set of affine sections, since V and Vq as vector 
spaces are also affine spaces. We observe that there are affine representatives 
in every equivalence class dcr(TO) that differ by a constant function. There is 
also one linear representative, i.e. such an affine section that takes value 
at the point G Vq. The set of elements of a phase bundle can be therefore 
identified with a set of pairs: point in to and a linear injection from Vq 
to V. Moreover, we observe that such linear injections are in one-to-one 
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correspondence with linear functions on V such that they take value 1 on 
v (or the canonical vector field Xy evaluated on the function gives 1). The 
image of a linear section is a level-0 set of the corresponding function. The 
functions that correspond to linear sections form the affine dual V*, therefore 
we have 

PV ~ V x V t . (14) 



4.2 Frame independent lagrangian 

Now, we will collect all the homogeneous lagrangians for all inertial frames 
and construct for them a universal object which does not depend on an 
inertial frame. It is convenient to treat a lagrangian as a section of the 
trivial bundle NxVx'R—^NxV rather than as a function. 
For two reference frames u and u', we have the difference 

th,u{ x i v ) ~ £h,u'{x,v) = m(g(u' - u),iu>+u(v)). 

2 

Let us denote i* u i +u g{u' — u) by a(u', u). With this notation 

2 

lh,u{ x > v ) ~ £h,u>(x,v) = m{a(u',u),v). 
For a we have the following equalities 

a(u' ,u) = —a(u,u'), (15) 



a{u",u') + cr(u',u) = a{u",u). (16) 
In the Ei x iV x V x R, we introduce the following relation: 

{x = x', 
v = v', (17) 
r = r' + m(a(u', u),v). 

From (fTo^) we obtain that ~ is symmetric and reflexive, from (|T6*|) that it is 
transitive, therefore it is an equivalence relation. Since the relation does not 
affect iV at all, it is obvious that in the set of equivalence classes we have 
a cartesian product structure N x W. In W we distinguish two elements: 
w = [u, 0, 0] and Wi = [u, 0, —1], 

w = {(u, 0,0): u G Ei}, w 1 = {(u, 0, -1) : u G Ei}, 
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and two natural operations: 

+ :WxW^W o:RxW^W 



[u, v, r] + [u', v', r'] = 

= [^,v + v',r + r' + m((a(u,^),v) + (a{u / ,^),v'))}, (18) 
a o [u, v, r] = [u, av, ar}. 

The above operations are well defined that can be checked by direct calcula- 
tion. Some more calculation one needs to show that 

Proposition 1 (W, +, o) is a vector space with wq as the zero-vector. More- 
over (W, Wi) is a special vector space such that W/ < W\ >— V 

The canonical projection W — * V will be denoted by (. It follows from 
14. 21 that quadruples (u,x,v,£f l , u ( x , v )) an d (u',x,v,£f l ,u'{ x , v )) are equivalent. 
Consequently, frame dependent lagrangian defines a section 1^ over iV x V + of 
the one-dimensional special affine bundle (a bundle of affine values) N x W — > 
N x V which does not depend on the inertial frame. The section ih will 
be called an affine lagrangian for the homogeneous mechanics independent 
on the choice of inertial frame. In the following we show that the bundle 
iV x W — >• iV x V carries a structure, which can be used for generating the 
frame-independent dynamics. We begin with the construction of the phase 
space. 

4.3 Phase space 

In the frame dependent formulation of the dynamics, the phase space for the 
massive particle is T*iV ~ iV x V*. For each frame u we have the Legendre 
mapping 

C u : JN D N x V+ -> T*iV 

: (x,v) k-> ^ojoj^) - ^m-^(g( iu ( v )) jlu ( v )}r-cp(x)r, ^ 

i.e. the vertical derivative of £h )U with respect to the projection T*iV — > N. 
Since £h,u(x,v) — th,u'{ x , v ) — m(a(u',u),v), we have also 

C u (v) - C u r(v) = ma(u', u). (20) 
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Proposition 2 A mapping T*N — > J*N defined by 

^u',u{x,p) = (x,p + ma(u',u)) 
has the following properties 

2. it is a symplectomorphism of the canonical symplectic structure on 
J*N, 

3. ~T$ u / tU (Dh,u') = Dh, u - 

Proof. The image of C u is K m>u , so the first property is an immediate 
consequence of (|2l]j) and the definition of <3V iU . The mapping § u ',u is a 
translation by a constant vector. It follows that it is a symplectomorphism. 
Consequently, 

T$ u> ((TiT mX ) § ) = (T^ m ,„) § 

and 

Since Q U ',u respects the time orientation, we have also 



The above observation suggests the following equivalence relation in E\ x 

N xV*: 

{u,x,p)~{u',x',p') ^ \x = x' 

v ' v ' y p = p ' + ma[u ,u). 

Again, we have the obvious structure of the cartesian product in the set of 
equivalence classes: N x P. The set N x P will be called an affine phase 
space. The set P is an affine space modelled on V*: 

[u,p] + 7T = [u,p + 7r] for 7T G V*. 

An element of P will be denoted by p. 
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It follows from Proposition 14.31 that N x P is a symplectic manifold and 
the isomorphism of tangent and cotangent bundles assumes the form 

P : J(N xP)~NxPxVxV* — ► J*(N xP)~NxPxV*xV 
: (x, p, v, a) i — > (x, p, a, —v) 

(22) 

Moreover, the equivalence classes of the elements of mass-shells form the 
universal mass shell K m and the elements of frame dependent dynamics form 
the universal dynamics Dh which is contained in (TK m )§. 
A straightforward calculation shows that the function 

E x x N x V* 3 (u,x,p) h+ ^-(p,g\p)) + (p,u) 

is constant on equivalence classes and projects to a function on N x P. We 
denote this function by fy m . It follows that the generating object (fT2j) of the 
dynamics Dh u defines a generating object 

AfxPxR + — s-R , (23) 

C" 

N xV* 

of the dynamics Dh, where 

H h (x,p,r) = r(V m + (p(x)). (24) 

4.4 Lagrangian as a generating object 

In the previous section we have constructed the frame independent dynamics 
Dh and a hamiltonian generating object. Now, we show that the frame 
independent affme lagrangian £h is also a generating object of Dh- £h is a 
section of a bundle of affine values iV x W — > iV x V and its differential is 
a section of P(N x W) — ► N x V over x V + . For a given frame u, we 
identify N xW with N x V x R and a section of ( with a function oniVxy. 
Consequently, an affine covector a G P(iV x W) is represented by a covector 
a u e J*{N x V) = N x V x V* x V*. It follows from (JTTJ) that a u = (x, v, a, b) 
and a u i = (x, v, a, b + ma(u, u')) represent the same element of P(iV x W). In 
the process of generation of frame dependent dynamics we use the canonical 
isomorphism a^'- TT*iV — > T*TA^ (I3.1jl . We observe that 

a^(x, a + ma(u, u'),v, b) = (x, v,b,a + mcr(u, u')), 
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hence defines an isomorphism 

a: T(N x P) -> P(N x IT) 

and the image of (D/J is the image of dZ/j. 

Now, we can summarize our constructions. We have canonical symplectic 
structure on N x P with the corresponding mapping 

(3 : T(N x P) — ► J*(N x P), 

which forms the basis for the hamiltonian formulation of the dynamics. To- 
gether with a it gives rise to the following diagram (Tulczyjew triple): 

(T*(N x P),u NxP ) ^— (T(N x P), djup) — (P(N x W),u NxW ) 




N x P N xV 



4.5 The Legendre transformation 

The Legendre transformation is the passage from lagrangian to hamiltonian 
generating object. In previous sections it was done with the knowledge of 
the Legendre transformation for the frame dependent dynamics. In that case 
we make use of the canonical symplectomorphism 7^: T*T*M — > T*TM 
generated by ( , ) : TM x M T*M — > M, where M is a manifold and ( , ) is the 
canonical pairing between vectors and covectors. It follows that the image 
7(L) of a lagrangian submanifold L generated by a lagrangian i is generated 
by a Morse family 

£-(,): TM x M T*M — » R, 

where TM Xm T*M is considered a fibration over T*M (see for details). 

Now, we show that analogous procedure can be applied in the case of the 
affine framework. First, we observe that every element w G W defines, in 
natural way, an affine function on P: 

fw(p) = (p,v) -r, where w = [u,v,r], p = [u,p\. (25) 

Indeed, when we take another representative of w and p, e.g. (u f , v, r') and 
(u',p f ) respectively, then we obtain 

(p 1 , v ) — r' = (p — ma(u', u),v) — r + m(a(u', u),v) = (p, v) — r. 
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The element w% defines the constant function equal to 1 on P: 

/ Wl (p) = (p,0)-(-l) = l. 
This implies the following: 

Propositions There is a natural isomorphism between P^ and (W, w\) 

given by 

f[u,v,r]([u,P}) = (P,V) ~ r. 

It means that also ~ P. 

With this isomorphism we have (see (JHJ)) P(iV x W) ~NxVxV*xP and 
a: J(N x P) — > P(N x W) assumes the form 

a: (x, p, v, a) i — >(x,v,a,p). (26) 

(W,Wi), being a special vector space, has a structure of a one-dimensional 
affine bundle modelled on V x I. The action of the group (M, +) in the fiber 
over V comes from the natural action in the fiber of Ei x V x M — > E\ X V. 
The fundamental vector field Xw for this action is a constant vector field 
with value Wi at every point. 

Now, we need a pairing between P and V, which reduces to ( , ) (as a 
section of the trivial bundle V x V* x K) in the vector case. The pairing is 
a section of P x W over P x V defined by 

P x V 3 (p, v) i — > (p,v) = [u,v, (p,v)) G W, where p = [u,p]. (27) 

The above definition is correct, i.e. does not depend on the choice of repre- 
sentatives: 

[u, v, (p, v)] = [u' } v, (p, v) - (ma(u, u),v)) = [u, v, (p, v)]. (28) 

It remains to show that the pairing (}2*Hj) generates an isomorphism be- 
tween J(N x P) and P(V xW). 

Proposition 4 There is a natural symplectomorphism between P((iVx W) x 
(N x P)) and P(N x W) T*(iV x P). 
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Proof. It is enough to check that any section of (N x W) x (N x P) over 
(N x V) x (iV x P) is equivalent to a section a of the form 

^0,^,2/,p) = <To(v) + fx{x) - / 2 (p) - / 3 (y), 
where o"o is a linear section of W — > V and functions fa are affine. ■ 

Similar arguments show that P(N x W) ~ N x V x V* x P. 

The canonical diagonal inclusion N G N x N implies the projection 

V* x V* -> : (a, 6) h-> a + 6 

and consequently a relation between P(iVx IVxP) and P((A^x W 7 ) x(NxP)). 
With this relation a section of P(iV x W x P) over iV x V x P defines a 
submanifold of 

P((JV x W) x (N x P)) = P(JV x W) T*(iV x P) 

i.e., a symplectic relation 

T*(iV x P) — ► P(iV x W). 

In particular, the differential of the pairing ( , ) generates a relation 



7: T*(N x P) ~ N x P x V* x V — ► P(A^ xW)~NxVxV*xP (29) 

It easy task to verify that this relation has the following representation 

iV x P x V* x V 3 (x, p, a, v ) i — ► (x, —v, a,p) <E N x V x V* x P. 

We see from (j^Bj) and (JUJ) that 7 = ao/5 _1 , and consequently r yoa(Dh) = 
(3(Dh). Following the general rule for composing of generating objects, we 
conclude that fl(D h ) is generated by the Morse family 

NxPxV+ ~ Hh > R , (30) 

C" 

N x P 

where 

H h (x,v,p) = (p,v) - £h(x,v). (31) 
As in the frame-dependent case, this family can be reduced to the family 
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4.6 Comments 



Frame independent inhomogeneous formulation of the dynamics can be ob- 
tained by the reduction of the homogeneous lagrangian with respect to the 
embedding N x V 1 ^ N x V. The Legendre transformation leads to a 
hamiltonian which is no longer a function, but a section of certain bundle 
over N x P. It requires also extension of the notion of a Poisson bracket to 
sections of an affine values bundle (see jT], [TT]). 
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